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Overview
Let P be a set of n points in R 2 , and let L be a family of l lines in R 2 . We denote the number of incidences between these points and lines by I(P, L). We denote by I(n, l) the maximum of I(P, L) over all sets P of n points, and families L of l lines. The Szemerédi-Trotter bound [7] asserts that I(n, l) = O(n 2/3 l 2/3 + n + l) (See also [1, 6] for simpler proofs). For values of n and l such that √ n ≤ l ≤ n 2 , the n 2/3 l 2/3 term dominates, so the bound becomes I(n, l) = O(n 2/3 l 2/3 ). In more detail, we have: Theorem 1.1 (Szemerédi and Trotter [7] ). There exists a constant C SzTr such that, for any set P of n points, and any family L of l lines, if √ n ≤ l ≤ n 2 , then the number of incidences between the points and lines is
The known upper bound on C SzTr at present, due to Pach et al. [4] , is C SzTr ≤ 2.5. The bound of Theorem 1.1 is asymptotically tight, as shown in different lower bound constructions by Erdős [3] and Elekes [2] . We state this claim more formaly as follows. [3] , Elekes [2] ). There exists a constant c SzTr > 0, such that, for infinitely many values of n and l, where √ n ≤ l ≤ n 2 , there exist pairs (P, L), where P is a set of n points, and L is a family of l lines, such that the number of incidences between the points and lines is at least
Theorem 1.2 (Erdős
The known lower bound on c SzTr , due to Elekes [2] , is c SzTr ≥ 2 −2/3 = 0.63.
In this paper we improve the estimate of c SzTr . We modify Elekes' construction, and show that this modification gives a lower of c SzTr ≥ 1. Next, we analyze the construction of Erdős [3] , and show its constant of proportionality to be even better, c SzTr ≥ 3/(2 1/3 π 2/3 ) ≈ 1.11. This is an improvement upon a previous analysis of the Erdős construction [5] , which gives the bound c SzTr ≥ (3/(4π 2 )) 1/3 ≈ 0.42. 
The Elekes construction
Elekes [2] gave the following lower bound construction. Let k and m be some positive integers. Put P = {1, . . . , k} × {1, . . . , 2km}, and put L to be all lines y = ax + b, where a ∈ {1, . . . , m}, and b ∈ {1, . . . , km}. There are n = |P | = 2k 2 m points and l = |L| = km 2 lines here, and each line is incident to exactly k points, so I = I(P, L) = k 2 m 2 . It is then easy to verify that I = 2 −2/3 n 2/3 l 2/3 , and also, whenever m > 1, that √ n ≤ l ≤ n 2 . This gives a lower bound on the c SzTr constant from Theorem
We present a slightly different construction from the above. It is similar in principle, but more exhaustive.
Definition 2.1. Let k and m be some positive integers. We denote by
the following set of points P , and family of lines L. P is defined as a k × km lattice section:
and L is defined as all x-monotone lines that contain k points of P . and the a parameter, given b, is restricted as follows. For
The 
and in any event it is greater than km 2 , l ≥ km 2 .
The number of points is n = k 2 m.
It then follows that k ≥ n 2/3 l 1/3 . Since each line is incident to k points, the number of incidences comes out
as claimed. This completes the proof.
From this theorem it follows that c SzTr ≥ 1. Note that an Elekes(k, k − 1) has an equal number of points and lines, n = l = k 2 (k − 1), and I = k 3 (k − 1) ≈ n 4/3 incidences.
The Erdős construction
Erdős [3] considered n points on a n 1/2 × n 1/2 lattice section, together with the n lines that contain the most points. He noted that there are Θ(n 4/3 ) incidences in this configuration, and conjectured that it is asymptotically optimal. His conjecture was settled in the affirmative as a corollary of the Szemerédi-Trotter bound [7] . Pach and Tóth [5] analyzed, in more generality, the square lattice section together with the lines with the most incidences, where the number of lines l is not necessarily equal to the number of points n. Their analysis yielded the bound I ≥ 0.42n 2/3 l 2/3 . In this section we will analyze the same setting in a different way and get an improved bound of I ≥ 1.11n 2/3 l 2/3 , i.e., c SzTr ≥ 1.11.
First, we give a formal definition of the Erdős construction. 
the following set of points P , and family of lines L. We put P to be a k × k lattice section:
Next, we put L to be all lines of the form ax + by = c that pass through the bounding square of P , where: 3. a ≥ 0.
Under this definition, L is not quite the family of lines with the most incidences with respect to P , but rather, an approximation of it. Indeed, there are lines here, such as x + y = 0, with just one incidence. There are even lines with no incidences, like 2x + 3y = 1 (this line exists whenever k ≥ 2, and m ≥ 5). However, most lines do have many incidences, which gives us the following result. The notation Φ ≈ Ψ, where both expressions depend on some set of variable x 1 , x 2 , . . . is shorthand for lim x 1 →∞,x 2 →∞,... (Φ/Ψ) = 1. That is, as the independent variables (in the case of Theorem 3.2, k and m) grow larger and larger, the ratio between the two expressions (I and 3 2 1/3 π 2/3 n 2/3 l 2/3 , in the case of Theorem 3.2) gets closer and closer to one.
Proof. The number of points is n = k 2 . The probability of a random pair (a, b) to be coprime is about 
is a sum over all coprime pairs (a, b) as above. (3.2) is the same sum in a different order of summation. In (3.3) we estimate the number of coprime pairs (a, b) such that |a| + |b| = j as follows. There are 2j + 1 integer pairs (a, b), such that a ≥ 0 and |a| + |b| = j, and the probability of a pair from this subset to be coprime is, as already noted, 6/π 2 , so there should be an expected number of (12j + 6)/π 2 ≈ 12j/π 2 coprime pairs. In (3.5) we use the approximation as claimed. This copmletes the proof.
From Theorem 3.2 it follows that c SzTr ≥
